In this paper we discuss curvature tensors in the context of Absolute Parallelism geometry. Different curvature tensors are expressed in a compact form in terms of the torsion tensor of the canonical connection. Using the Bianchi identities some other identities are derived from the expressions obtained. These identities, in turn, are used to reveal some of the properties satisfied by an intriguing fourth order tensor which we refer to as Wanas tensor. A further condition on the canonical connection is imposed, assuming it is semi-symmetric. The formulae thus obtained, together with other formulae (Ricci tensors and scalar curvatures of the different connections admitted by the space) are calculated under this additional assumption. Considering a specific form of the semi-symmetric connection causes all nonvanishing curvature tensors to coincide, up to a constant, with the Wanas tensor. Physical aspects of some of the geometric objects considered are mentioned.
Introduction
After the success of his general theory of gravitation (GR), Einstein searched for a more general theory that would appropriately describe electromagnetic phenomena together with gravity. His search for such a unified theory led him to consider Absolute Parallelism (AP) geometry [3] . The reason for this is that AP-geometry is wider than the standard Riemannian geometry. According to GR, the ten degrees of freedom (the metric components for n = 4) are just sufficient to describe gravitational phenomena alone. AP-geometry, on the other hand, has sixteen degrees of freedom. Riemannian geometry is thus relatively
In the present paper we investigate the curvature tensors corresponding to the different natural connections defined in an AP-space. The paper is organized in the following manner. In section 2, we give a brief account of the basic elements of AP-geometry; we focus our attention on the fundamental concepts that will be needed in the sequel. In section 3, we consider the curvature tensors of the dual and symmetric connections associated to the canonical connection Γ together with the Riemannian curvature. Simple and compact expressions for such curvature tensors, in terms of the torsion of Γ, are deduced. We then use the Bianchi identities to derive some further interesting identities which simplify the formulae thus obtained. In section 4, we study some of the properties satisfied by an intriguing fourth order tensor, which we call Wanas tensor (or simply W-tensor) after M.I. Wanas who first defined and used such a tensor [11] . The W-tensor is shown to have some properties which are similar to those of the Riemannian curvature tensor. In section 5, we further study the consequences of assuming that the canonical connection is semi-symmetric. All curvature tensors with their associated contractions (Ricci tensors and scalar curvatures) are then derived in this case. We next consider an interesting special case which considerably simplifies the formulae thus obtained and show that all nonvanishing curvature tensors admitted by the space coincide (up to a constant factor) with the W-tensor. Physical aspects or physical interpretations of some geometric objects considered are pointed out.
A Brief account of AP geometry
In this section, we give a brief account of the geometry of absolute parallelism spaces. For more details concerning this geometry, we refer for example to [8] , [13] , [10] .
An absolute parallelism space (AP-space) is an n-dimensional C ∞ manifold M which admits n linearly independent global vector fields i λ (i = 1, ..., n) on M . Such a space is also known in the literature as "parallelizable manifold" [2] . 
The n 3 functions Γ α µν defined by
transform as the coefficients of a linear connection under a change of coordinates (where ", ν" denotes partial differentiation with respect to the coordinate x ν ). The connection Γ α µν is clearly non-symmetric and is referred to as the canonical connection of the space. As easily checked, we have
where the stroke denotes covariant differentiation with respect to the canonical connection Γ α µν . The above relation is known in the literature as the condition of absolute parallelism.
Let Λ α µν := Γ α µν − Γ α νµ denote the torsion tensor of Γ α µν . It is of particular importance to note that the condition of absolute parallelism together with the commutation formula
forces the curvature tensor R α µνσ of the canonical connection Γ α µν to vanish identically. It is for this reason that many authors think that the AP-space is a flat space. This is by no means true. In fact, it is meaningless to speak of curvature without reference to a connection. All we can say is that the AP-space is flat with respect to its canonical connection, or that its canonical connection is flat. However, there are other three natural (built-in) connections which are nonflat. Namely, the dual connectionΓ and the Riemannian connection (Christoffel symbol)
associated to the metric structure defined by
It is to be noted that the condition of absolute parallelism implies that the canonical connection Γ α µν is metric:
Consequently, the covariant differentiation defined by the canonical connection commutes with contraction by the metric tensor g µν and its inverse g µν . The contortion tensor is defined by
Moreover, it can be shown that [8] 
where "
• |" denotes covariant differentiation with respect to the connec-
Finally, the contortion tensor can be expressed in terms of the torsion tensor in the form [4] :
where γ µνσ = g ǫµ γ ǫ νσ and Λ µνσ = g ǫµ Λ ǫ νσ . It is to be noted that Λ µνσ is skew-symmetric in the last pair of indices, whereas γ µνσ is skew symmetric in the first pair of indices. It is to be noted also that the contortion tensor vanishes if and only if the torsion tensor vanishes.
We have four types of covariant derivatives corresponding to the four connections mentioned above, namely
where A µ is an arbitrary contravariant vector.
In conclusion, the AP-space has four curvature tensors R α µνσ ,R α µνσ , R α µνσ and 
(c)
We start by proving the first relation:
Taking into account the fact that R α µνσ = 0, we get
We then prove the second relation: We have, by definition,
Similarly,
Moreover,
Hence, noting that R α µνσ = 0, we get
The proof of relation (c) is carried out in the same manner and we omit it.
It is clear that the torsion tensor plays the key role in all identities obtained above. The vanishing of the torsion tensor forces the three connections Γ α µν ,Γ α µν andΓ α µν to coincide with the Riemannian connection
; the Riemannian space in this case is trivially flat. Consequently, the non-vanishing of any of the three curvature tensors suffices for the non-vanishing of the torsion tensor.
Remark 3.2. The first and second formulae (resp. The third formula) of the above theorem remain (resp. remains) valid in the more general context in which Γ α µν is any given non-symmetric linear connection on a manifold M (resp. a Riemannian manifold (M, g)) with vanishing curvature.
We now derive some relations that will prove useful later on. 
where the notation S µ,ν,σ denotes a cyclic permutation of the indices µ, ν, σ and summation.
Proof. The three relations follow from the definition of the covariant derivative with respect to the appropriate connection.
Let M be a differentiable manifold equipped with a linear connection with torsion T and curvature R. Then the Bianchi identities are given locally by [7] (a) S µ,ν,σ R α µνσ = S µ,ν,σ (T α µν;σ + T ǫ µν T α ǫσ ), (first Bianchi identity) (b) S µ,ν,σ (R α βµν;σ + R α βµǫ T ǫ νσ ) = 0.
(second Bianchi identity)
where "; " denotes covariant differentiation with respect to the given connection.
In what follows, we derive some identities using the first and second Bianchi identities. Some of the derived identities will be used in simplifying some of the formulae thus obtained. Proof. Applying the first Bianchi identity toR α µνσ as expressed in Theorem 3.1 (b), we get
Considering each of the above three terms separately, and taking into account Theorem 3.4 (a), we obtain respectively
The required identity results by substituting the above three equations into ( * ).
Corollary 3.7. The following identities hold:
Proof. Taking into account Theorem 3.6, relation (a) follows from Proposition 3.3 (a) and (b), whereas identities (b) and (c) follow from Theorem 3.4 (a) and Proposition 3.5 (b) resp. Identity (d) follows from Theorem 3.4 (e) taking into account Theorem 3.1 (a) together with relation (a) above. Finally, the last identity follows from identity (b) above together with the relation Λ α µν = γ α µν − γ α νµ .
In view of Theorem 3.6, the curvature tensorR α µνσ can be further simplified as revealed in Proof. The curvature tensorR α µνσ has the form (Theorem 3.1 (b)):
Taking into account identity (b) in Corollary 3.7 and Theorem 3.6, we getR
The formula obtained for the curvature tensorsR α µνσ in Theorem 3.1 is strikingly compact and elegant. The formula obtained forR α µνσ is however less elegant but still relatively compact. These two formulae, together with the first Bianchi identity, enabled us to derive, in a simple way, the crucial identities S µ,ν,σ Λ α µν|σ = 0 and S µ,ν,σ Λ ǫ µν Λ α ǫσ = 0 which, in turn, simplified the formula obtained forR α µνσ (which is now more elegant). The last two identities will play an essential role in the rest of the paper. It should be noted however that a direct proof of these identities is far from clear. The W-tensor has been first defined by M.I Wanas [11] in 1975 and has been used by F. Mikhail and M. Wanas [9] in 1977 to construct a geometric theory unifying gravity and electromagnetism. The next result gives quite a simple expression for such a tensor. 
Remark 4.3. The W-tensor can be also defined contravariantly as follows:
This definition gives the same formula for the W-tensor as in Theorem 4.2. The identity satisfied by the W-tensor in Theorem 4.5 is the same as first Bianchi identity of the Riemannian curvature tensor. The identity corresponding to the second Bianchi identity is given by: Theorem 4.6. The W-tensor satisfies the following identity:
Proof. Taking into account the second Bianchi identity, Theorem 4.2, Theorem 3.1 (a) and Corollary 3.8 (a) and (b), we get
We conclude this section by some comments:
(1) The W-tensor is unique in the sense that it can be defined only in terms of the connectionΓ α µν . The same definition using the three other connections gives nothing new. In fact, the commutation formula for the connection Γ α νµ is trivial (since (4) The expression of the W-tensor comprises, in addition to the term containing the curvature tensorR α µνσ , a term containing a torsion contribution. Thus, roughly speaking, the W-tensor expresses geometrically the interaction between curvature and torsion. On the other hand, as gravity is described in terms of curvature and electromagnetism is described in terms of torsion [12] , we can roughly say that the W-tensor expresses physically the interaction between gravity and electromagnetism [9] .
5 The Semi-Symmetric Case Definition 5.1. Let M be a differentiable manifold. A semi-symmetric connection on M is a linear connection on M whose torsion tensor T is given by [14] T
Semi-symmetric connections have been studied by many authors (cf. for example [1] , [5] , [15] , [16] ). In what follows, we consider an ndimensional AP-space (M, 
Consequently, ifR αµνσ = g αǫR ǫ µνσ with similar expressions forR αµνσ and
Proof. The first two relations hold by substituting Λ α µν in the formulae expressingR α µνσ (Theorem 3.1 (a)) andR α µνσ (Proposition 3.8) respectively. The third relation holds by substituting Λ α µν and γ α µν in the formula expressing 
(c) 
Proof. Follows directly from Theorem 4.2 by substituting the expression of Λ α µν in terms w µ . Special case. In the following we assume that the canonical connection Γ α µν is a semi-symmetric connection whose defining 1-form w µ satisfies the condition w µ w ν = δ ν µ . It is easy to see that the above condition implies that w µ|ν = 0 and that w µ w ν = g µν . Under the given assumption, the different curvature tensors and the Wanas tensor, according to Theorems 5.2, 5.6, take the formR In this case, the W-tensor becomes a curvature-like tensor [7] and the above formulae imply the following result: It should be noted that, in this particular case, the AP-character of the space recedes, whereas the Riemannian aspects of the AP-space become dominant. Physically speaking, the latter result seems to suggest that, in this particular case, electromagnetic effects are absent. This particular case can thus be considered, in some sense, as a limiting case.
